The main result of this paper is that the identity component of the automorphism group of a compact, connected, strictly pseudoconvex CR manifold is compact unless the manifold is CR equivalent to the standard sphere. In dimensions greater than 3, it has been pointed out by D. Burns that this result follows from known results on biholomorphism groups of complex manifolds with boundary and the fact that any such CR manifold M can be realized as the boundary of an analytic variety. When M is 3-dimensional, Burns's proof breaks down because abstract CR 3-manifoldsare genericallynot realizable as boundaries. This paper provides an intrinsic proof of compactness that works in any dimension.
Introduction
The purpose of this paper is to prove the following theorem.
Theorem A. Let M be a compact, connected, strictly pseudoconvex CR manifold of dimension 2n + 1 3. Then the identity component A 0 (M) of the group A(M) of CR automorphisms of M is compact unless M is globally CR equivalent to the (2n + 1)-sphere with its standard CR structure.
In dimensions greater than 3, this result follows from known results on biholomorphism groups of complex manifolds with boundary. In fact, a stronger result is true in that case. The following is due to Dan Burns, although it has never been published: Theorem 1.1. (D. Burns) Suppose M is a compact, connected, strictly pseudoconvex CR manifold of dimension 2n + 1 5. The full CR automorphism group A(M) is compact unless M is globally CR equivalent to S 2n+1 with its standard CR structure.
The idea is that any such M can be realized as the boundary of an analytic variety whose biholomorphism group is isomorphic to the group of CR automorphisms of M. It follows from results of B. Wong Wo], J.-P. Rosay R] , and D. Burns and S. Shnider BS] (with a slight extra argument to deal with singular varieties) that any such variety with noncompact biholomorphism group is biholomorphic to the unit ball, so M must be the sphere. Theorem 1.1 does not appear explicitly in the literature, so for completeness we give a sketch of Burns's proof in Section 2.
When M is 3-dimensional, this proof breaks down because abstract CR 3manifolds are generically not realizable as boundaries. The best previously known result is the following theorem of S. Webster. We say that a CR manifold is locally spherical if it is locally CR equivalent to the sphere with its standard CR structure. Theorem 1.2. (S. Webster We2]) If M is a compact, connected, strictly pseudoconvex CR manifold, and A 0 (M) is noncompact, then M is locally spherical.
To put these results into perspective, is it useful to consider conformal Riemannian geometry as a guide, since there is a strong analogy between conformal and CR geometry. The analogous result for conformal manifolds is the following theorem.
Recall that a Lie group G acts properly on a space X if the map G X ! X X given by (g; x) 7 ! (g x; x) is proper. Theorem 1.3. Let X denote a Riemannian manifold, C(X) its group of conformal di eomorphisms, and C 0 (X) the identity component of C(X).
1. (M. Obata O] , U. Pinkall, and J. Lafontaine La]) If X is compact, then C 0 (X) is compact unless X is conformally equivalent to the sphere with its standard metric.
2. (J. Ferrand F1]) The same is true with C 0 (X) replaced by C(X). 3. (J. Ferrand F2]) If X is non-compact, then C(X) acts properly unless X is conformally equivalent to R n with the Euclidean metric.
These results have an interesting history. Theorem 1.3(1) was originally claimed by Obata in O] , and is commonly attributed to him. However, that paper contained a gap, which was repaired in La], based on an argument due to Pinkall. Theorem 1.3(3) was claimed by V. Alekseevskii A1, A2]. However, the proof in A1] apparently contains a serious error (Theorem 4 is false), so the result was in question until the appearance of F2]. The expository paper Gut] by R. Gutschera gives an excellent survey of results in the conformal category.
By analogy with the conformal case, it is reasonable to make the following conjecture.
Conjecture 1.4. If M is a connected, strictly pseudoconvex CR manifold, A(M) acts properly unless M is CR equivalent to the sphere or the Heisenberg group with its standard CR structure.
In case M is compact, properness of the action implies compactness of A(M), so this conjecture includes as a special case the conjecture that A(M) is compact when M is a compact strictly pseudoconvex 3-manifold other than the sphere. When M is noncompact, one can show as in Gut] that A(M) acts properly if and only if it preserves a pseudohermitian structure (see x2 for de nitions). P. Pansu has recently pointed out P] that Ferrand's methods can be extended to the CR case to show that A(M) is precompact in the C 0 topology. But that approach is not yet strong enough to prove the full strength of Theorem A or Theorem 1.1, because it is not known in general whether a nonconstant uniform limit of CR di eomorphisms is a di eomorphism.
Note: Since this article was accepted for publication, R. Schoen S] has provided a proof of Conjecture 1.4, as well as a new proof of Theorem 1.3, using a very di erent method based on the theory of the CR-invariant sub-Laplacian operator (and, in the conformal case, the conformal Laplacian) that arises in the solutions to the CR and conformal Yamabe problems. The present proof still seems to be of independent interest, because of the detailed information it provides about the behavior of in nitesimal CR automorphisms.
The proof of Theorem A is carried out along the lines of the proof of Theorem 1.3(1). In fact, as Webster already observed in We2], all but one step of that proof goes through in the CR case with little di culty. Webster showed the following: Theorem 1.5. (S. Webster We2]) If M is a compact, connected, strictly pseudoconvex, locally spherical CR manifold, and there exists a closed, noncompact one-parameter subgroup G 1 A 0 (M) with a xed point, then M is globally CR equivalent to S 2n+1 . (The hypothesis that G 1 is closed was omitted from the statement of the theorem in We2], but it is clearly necessary.) Thus the only tricky part of Theorem A is proving that a closed, noncompact 1-parameter subgroup of A 0 (M) has a xed point. The bulk of this paper is devoted to proving this xed-point result, which we state as a separate theorem. Theorem B. Let M be a compact, connected, strictly pseudoconvex CR manifold of dimension 2n + 1 3, and G 1 A 0 (M) a closed, noncompact one-parameter subgroup. Then G 1 has a xed point.
The corresponding step in the conformal case O] was trivial: if the in nitesimal generator X of G 1 never vanishes, then one can rescale the metric so that X has norm 1, and then G 1 preserves the rescaled metric, so compactness follows easily. In the CR case, the analogous argument only allows us to conclude that X is tangent to the contact bundle H somewhere. To draw the stronger conclusion that X vanishes somewhere, we must carefully analyze the set S where X is tangent to H. This turns out to be a smoothly embedded compact hypersurface, which carries a Riemannian metric preserved by G 1 . This implies that any sequence of elements of G 1 has a subsequence that converges along S. A further calculation shows that convergence along S entails convergence of the 2-jets, from which global convergence follows.
Since there is no extra work involved, the proof is carried out in all dimensions, thereby providing an independent (and considerably more elementary) proof of Theorem 1.1 in the special case when the identity component A 0 (M) is noncompact.
Here is the proof of Theorem A, given Theorem B. Assuming that M is as in the statement of Theorem A and A 0 (M) is noncompact, Webster's Theorem 1.2 implies that M is locally spherical. It follows from the properties of the Cartan connection constructed by S. S. Chern and J. K. Moser CM] and standard results on G-structures that A(M) has a unique smooth manifold structure making it into a Lie transformation group. (In fact, the topology on A(M) can be taken to be that of C 2 convergence on M.) If A 0 (M) is not compact, then by an old theorem of D. Montgomery and L. Zippin MZ] A 0 (M) has a closed one-parameter subgroup G 1 which is isomorphic to R. By Theorem B, G 1 has a xed point. But then Theorem 1.5 implies that M is globally CR equivalent to S 2n+1 . Thus the theorem is proved.
An important application of this compactness result is to the construction of local slices for the action of the contact di eomorphism group on the set of CR structures on a 3-manifold. This is carried out in a joint paper with J.-H. Cheng CL] .
In Section 2, we introduce our notation and review some facts from the theory of CR and pseudohermitian manifolds. At the end of the section, we sketch the proof of Theorem 1.1. In Section 3, we prove the xed point theorem, Theorem B.
I would like to thank all the people with whom I have had useful discussions about this work, especially Jih-Hsin Cheng, Dan Burns, Robert Gutschera, Lee Stout, and Lutz Bungart.
Background
Throughout this paper, we use the notation and terminology of Le] unless otherwise speci ed; we refer the reader there for basic notions of CR geometry not explained here. Suppose M is a hypersurface-type CR manifold of dimension 2n + 1. This means M is endowed with a smooth n-dimensional complex subbundle H TM C which satis es H \H = f0g and which is formally integrable: ?(H); ? (H) ] ? (H) If the Levi form is de nite, the CR structure is said to be strictly pseudoconvex. In that case a global choice of always exists, since one can choose 1-forms locally so as to make the Levi form positive, and patch them together with a partition of unity; any such form is then a contact form, and ^d determines a canonical orientation of M. A strictly pseudoconvex CR structure together with a given contact form is called a pseudohermitian structure.
On a pseudohermitian manifold, the Levi form yields a norm on all (real or complex) tensor bundles over H, denoted j j , and a characteristic vector eld T, de ned by T = 1; T d = 0: (2.1) There is also a natural linear connection, the pseudohermitian connection We1, We3, T], and a natural Riemannian metric g called the Webster metric We3], characterized as the unique inner product on TM that restricts to the Levi form on H, and for which T is a unit vector orthogonal to H. If we extend J to an endomorphism J of TM by declaring J T = 0, then g can be written g (X; Y ) = d (X; J Y ) + (X) (Y ): For local computations on a pseudohermitian manifold, it is useful to choose a complex local frame (T; Z ; Z ), where fZ : = 1; : : :; ng forms a basis for H at each point, Z = Z , and T is the characteristic vector eld of . We let f ; ; g denote the dual coframe. The components of a tensor with respect to this frame are denoted by subscript and/or superscript indices using the summation convention, with a zero index referring to the T direction. For a smooth function f, @ b f is the restriction to H of df. On a pseudohermitian manifold, we can identify @ b f as an honest di erential form by stipulating that T @ b f = 0, so in terms of a local frame we have @ b f = f ; :
The norm of @ b f is j@ b fj 2 = f ; f ; .
A real vector eld X on M whose ow acts by CR automorphisms is called a CR vector eld. In particular, since the ow preserves the contact bundle H, any such vector eld is an in nitesimal contact automorphism. It is well known (cf. Gr, CL] ) that any such vector eld is of the form X = H f ? fT 
A fixed-point theorem
In this section we prove Theorem B, from which Theorem A follows as described in the Introduction.
We need to show that the in nitesimal generator X of G 1 has a zero. The proof will be by contradiction, after we establish some preliminary lemmas. Throughout this section, M will be as in the statement of the theorem and X will be the in nitesimal generator of G 1 , with the additional assumption that X has no zeros on M.
Lemma 3.1. There is a nonempty, compact, embedded hypersurface S M along which X is tangent to both H and S. Proof. Since M is strictly pseudoconvex, it is possible to choose a global contact form as noted in x2. Since X is an in nitesimal contact di eomorphism, we can write X in the form (2.5), where f = ? (X) satis es (2.7). If f vanishes nowhere, then replacing by e = (1=f) , we see that e f = ? e (X) = 1. This implies H~ f = 0, X = ? e T, and therefore L X e = ?d( e T e ) ? e T d e = 0; which means that G 1 preserves the contact form e and therefore the Riemannian metric g~ . Thus G 1 is contained in the isometry group I(g~ ) of g~ , which is compact.
Any sequence in G 1 therefore has a subsequence that converges in the topology of I(g~ ), which implies uniform convergence with all derivatives, and hence also in the topology of A(M). Since G 1 is closed in A(M), the limit is again in G 1 , so G 1 is compact, which is a contradiction. Thus f must vanish somewhere on M. Now let S denote the zero set of f. In other words, S is the set of points of M where X is tangent to H. At points of S, we have X = H f , so the assumption that X does not vanish means that H f 6 = 0 and therefore df 6 = 0 along S. Thus Let be any such contact form, and f = ? (X) . Since X is a CR vector eld, (2.7) evaluated along S gives (3.8).
Next we prove (3.9). Since j@ b fj 2 = 1 on S and X is tangent to S, at points of which is (3.10).
Finally, since f ;0 vanishes along S, we can write f ;0 = vf for some smooth function v. Di erentiating, we nd that f ;0 = vf ; along S. Then contracting with f ; yields f ;0 f ; = vf ; f ; = v, which proves (3.11).
Lemma 3.3. The contact form can be chosen so that L X = L X d = 0 at points of S.
Proof. Since X is a contact vector eld, L X = ?Tf on all of M. Therefore, by To prove the lemma, it su ces to produce a real-valued function u such that Xu df d(Tf) (mod ) along S. In components this means, using (3.11), (Xu)f ; = f ;0 = f ; f ;0 f ; ; which is equivalent to Xu = f ; f ;0 : The hypersurface S is characteristic for this equation, so one might expect that existence of a global solution would depend on the global behavior of f ; f ;0 and the integral curves of X. Surprisingly, however, it turns out that we can write down an explicit solution.
To this end, consider the function b f = ?(f ; + f ; ). Since f ; ? f ; = nif ;0 = 0 along S, we have the following at points of S: Inserting these relations into (3.12) and using (3.10), we obtain X( b f) = 2(n + 1)f ; f ;0 + 2f ; f ;0 = 2(n + 2)f ; f ;0 : Thus the conclusion of the lemma holds if we replace by e = (1 + uf) , where u is any function that is equal to b f=(2(n + 2)) along S.
Proof of Theorem B. Suppose G 1 has no xed points, and let f' j g G 1 be any sequence; we will show it has a convergent subsequence, which is a contradiction.
If is chosen as in Lemma 3.3, the Webster metric g = d ( ; J )+ 2 is preserved along S by G 1 , since L X = L X d = L X T = L X J = 0 along S. Since the group of isometries of g j S is compact, there is a subsequence, still denoted f' j g, whose restrictions to S converge uniformly with all derivatives. I claim that the two-jets of the sequence f' j g converge at all points of S. This implies that f' j g converges in the topology of A(M) by the following standard argument. Let Y ! M be the Chern CR structure bundle of M CM]; then every CR automorphism ' of M lifts naturally to an automorphism e ' of Y preserving the Chern connection. Moreover, choosing any point 2 Y over S, the orbit map ' 7 ! e '( ) gives a closed embedding of G 1 into Y Ko, Thm. I.3.2]. Convergence of the two-jets of f' j g along S implies that fe ' j ( )g converges in Y , which therefore implies that f' j g converges to some element ' 2 G 1 .
To see that convergence of ' j on S implies convergence on the two-jet level, let Y denote the vector eld J X = JH f . Since Y = f ; Z +f ; Z by (2.6), it follows that Y f = 2f ; f ; = 2 along S. In particular, Y is always transverse to S. For any element ' 2 G 1 , using the facts that ' is a CR automorphism and ' X = X, we compute ' Y = ' (JH f ) = J(' H f ) = J(' (X + fT)) = J X + (f ' ?1 )J (' T) = Y + (f ' ?1 )J (' T):
(3.13) Given a point p 2 S, we can choose coordinates (x 1 ; : : :; x 2n ; y) on some neighborhood U of p such that y = 0 on S and Y @=@y. In these coordinates, f(x; y) = 2y + O(y 2 ), because f = 0 and @f=@y = Y f = 2 on S. Choosing analogous coordinates (e x; e y) near lim j!1 ' j (p) 2 S and taking j su ciently large and U su ciently small, we may assume that ' j (x; 0) lies in a single coordinate chart for all j and all (x; 0) 2 U \ S. In these coordinates, we can consider ' j as a vector-valued function of (x; y). We already know that all the x-derivatives of ' j converge on S, so we need only consider the y-derivatives. In coordinates, (3.13) becomes @' j (x; y) @y = (0; 1) + 2yV j (x; y) + O(y 2 ); where V j (x; y) is the coordinate representation of J ((' j ) T (x;y) ). In particular, along S we get @' j =@y (0; 1), which certainly converges together with all its x-derivatives. Moreover, the values of @ 2 ' j =@y 2 = 2V j = 2J ((' j ) T) along S are determined by the 1-jets of ' j along S, and we have already shown these converge on S. Therefore all second derivatives of ' j converge on S. This completes the proof of Theorem B.
